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Abstract
The inﬂuence of temperature dependent viscosity and thermal conductivity on the transient Hartmann
ﬂow with heat transfer is studied. An external uniform magnetic ﬁeld is applied perpendicular to the
parallel plates and the Hall eﬀect is taken into consideration. The ﬂuid is acted upon by a constant pressure
gradient. The two plates are kept at two constant but diﬀerent temperatures and the viscous and Joule
dissipations are considered in the energy equation. A numerical solution for the governing non-linear
equations of motion and the energy equation is obtained. The eﬀect of the Hall term and the temperature
dependent viscosity and thermal conductivity on both the velocity and temperature distributions is
examined.
 2003 Elsevier Science Inc. All rights reserved.
1. Introduction
Hartmann ﬂow is a classical problem that has important applications in magnetohydrodynamic
power generators and pumps, etc. Hartmann and Lazarus [1] studied the inﬂuence of a transverse
uniform magnetic ﬁeld on the ﬂow of a viscous incompressible electrically conducting ﬂuid be-
tween two inﬁnite parallel stationary and insulating plates. Then the problem was extended in
numerous ways. Closed form solutions for the velocity ﬁelds were obtained [2–5] under diﬀerent
physical eﬀects. Some exact and numerical solutions for the heat transfer problem are found in
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[6,7]. In the above-mentioned cases, the Hall term was ignored in applying Ohms law as it has no
marked eﬀect for small and moderate values of the magnetic ﬁeld. However, the current trend for
the application of magnetohydrodynamics is towards a strong magnetic ﬁeld, so that the inﬂuence
of electromagnetic force is noticeable [5]. Under these conditions, the Hall current is important
and it has a marked eﬀect on the magnitude and direction of the current density and, conse-
quently, on the magnetic force. Abo-El-Dahab [8] studied the eﬀect of Hall currents on the steady
Hartmann ﬂow subjected to a uniform suction and injection at the bounding plates. Tani [9]
studied the Hall eﬀect on the steady motion of electrically conducting and viscous ﬂuids in
channels. Soundalgekar and coworkers [10,11] studied the eﬀect of Hall currects on the steady
MHD Couette ﬂow with heat transfer. The temperatures of the two plates were assumed either to
be constant [10] or varying linearly along the plates in the direction of the ﬂow [11]. Attia [12]
studied the Hall current eﬀects on the velocity and temperature ﬁelds of an unsteady Hartmann
ﬂow with uniform suction and injection.
Most of these studies are based on constant physical properties. It is known that some physical
properties are functions of temperature [13] and assuming constant properties is a good ap-
proximation as long as small diﬀerences in temperature are involved. More accurate prediction for
the ﬂow and heat transfer can be achieved by considering the variation of the physical properties
with temperature. Klemp et al. [14] studied the eﬀect of temperature dependent viscosity on the
entrance ﬂow in a channel in the hydrodynamic case. Attia and Kotb [7] studied the steady MHD
fully developed ﬂow and heat transfer between two parallel plates with temperature-dependent
viscosity. Later Attia [15] extended the problem to the transient state.
In the present work, the problem considered is the unsteady Hartmann ﬂow of a viscous in-
compressible electrically conducting ﬂuid with heat transfer. The ﬂuid is ﬂowing between two
electrically insulating plates and is acted upon by a constant pressure gradient. An external
uniform magnetic ﬁeld is applied perpendicular to the plates. The magnetic Reynolds number is
assumed small so that the induced magnetic ﬁeld is neglected [4], while the Hall eﬀect is taken into
consideration. The viscosity and thermal conductivity of the ﬂuid are assumed to vary with
temperature. The two plates are kept at two constant but diﬀerent temperatures. Thus, the
coupled set of the equations of motion and the energy equation including the viscous and Joule
dissipation terms becomes non-linear and is solved numerically using ﬁnite diﬀerence approxi-
mations to obtain the velocity and temperature distributions.
2. Formulation of the problem
The ﬂuid is assumed to be ﬂowing between two inﬁnite horizontal plates located at the y ¼ h
and h planes. The two plates are assumed to be electrically insulating and kept at two constant
temperatures T1 for the lower plate and T2 for the upper plate with T2 > T1. A pressure gradient
which is taken to be constant with respect to y and t is applied in the x-direction. Since the plates
are inﬁnite in both x and z-directions, the pressure gradient is independent of any of these co-
ordinates and hence it is constant. A uniform magnetic ﬁeld B0 is applied in the positive y-
direction. This is the only magnetic ﬁeld in the problem as the induced magnetic ﬁeld is neglected
by assuming a very small magnetic Reynolds number. The Hall eﬀect is taken into consideration
and, consequently, a z-component for the velocity is expected to arise. The viscosity of the ﬂuid is
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assumed to vary exponentially with temperature, while its thermal conductivity is assumed to
depend linearly on temperature. The viscous and Joule dissipations are taken into consideration.
The ﬂuid motion starts from rest at t ¼ 0, and the no-slip condition at the plates implies that the
ﬂuid velocity has neither a z nor an x-component at y ¼ h and h. The initial temperature of the
ﬂuid is assumed to be equal to T1.
It should be noted that the problem comes out to be a linear problem. In the hydrodynamic
case with constant properties, the problem reduces to Pioseuille problem [16]; the classical hy-
drodynamic linear problem. With constant properties and by neglecting the Hall current, it re-
duces to Hartmann–Poiseuille problem [5]; the classical MHD linear problem. The inclusion of
the Hall term [12] preserves linearity. So obviously does changing from constant properties to
variable properties in the present study. The classical problems (Poiseuille and Hartmann–
Poiseuille) of channel ﬂow and the related pipe ﬂow are known to be attainable in practice and to
give results in excellent agreement with experiments.
The ﬂow of the ﬂuid is governed by the Navier–Stokes equation
q
Dv
Dt
¼ rP þr  ðlrvÞ þ J B0 ð1Þ
where q is the density of the ﬂuid, l is the viscosity of the ﬂuid, v is the velocity vector of the
fluid ¼ uðy; tÞiþ wðy; tÞk, and J is the current density. Assuming that there is no excess charge
density, then r  E ¼ 0 where E is the induced electric ﬁeld. Since the magnetic Reynolds number
is very small, the induced magnetic ﬁeld and consequently r E are negligible, which is con-
juction with the result r  E ¼ 0 show that the induced electric ﬁeld is ignored. If the Hall term is
retained, the current density J is given by the generalized Ohms law [4]
J ¼ r½v B0  bðJ B0Þ
 ð2Þ
where r is the electric conductivity of the ﬂuid and b is the Hall factor [4]. Using Eqs. (1) and (2),
the two components of the Navier–Stokes equation are
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where m is the Hall parameter given by m ¼ rbB0. It is assumed that the pressure gradient is
applied at t ¼ 0 and the ﬂuid starts its motion from rest. Thus
t ¼ 0: u ¼ w ¼ 0 ð5aÞ
For t > 0, the no-slip condition at the plates implies that
y ¼ h: u ¼ w ¼ 0 ð5bÞ
y ¼ h: u ¼ w ¼ 0 ð5cÞ
The momentum equations (3) and (4) express the balance among the inertia, pressure, viscous,
and Lorentz forces. When solved, it gives the velocity proﬁle which depends on the dimensional
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parameters q, dp=dx, l, r, B0 and h. The average velocity u is related to the mass ﬂow rate Q in the
x-direction by Q ¼ uh.
The energy equation describing the temperature distribution for the ﬂuid is given by [17]
qcp
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 2"
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þ rB
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where T is the temperature of the ﬂuid, cp is the speciﬁc heat at constant pressure of the ﬂuid, and
k is thermal conductivity of the ﬂuid. The last two terms in the right-hand side of Eq. (6) represent
the viscous and Joule dissipation, respectively.
The temperature of the ﬂuid must satisfy the initial and boundary conditions,
t ¼ 0: T ¼ T1 ð7aÞ
t > 0: T ¼ T1; y ¼ h ð7bÞ
t > 0: T ¼ T2; y ¼ h ð7cÞ
The viscosity of the ﬂuid is assumed to vary with temperature and is deﬁned as, l ¼ l0f1ðT Þ. By
assuming the viscosity to vary exponentially with temperature, the function f1ðT Þ takes the form
[7], f1ðT Þ ¼ ea1ðTT1Þ. In some cases a1 may be negative, i.e. the coeﬃcient of viscosity increases
with temperature [7,15].
Also the thermal conductivity of the ﬂuid varies with temperature as k ¼ k0f2ðT Þ. We assume
linear dependence for the thermal conductivity upon the temperature in the form k ¼ k0½1þ
b1ðT  T1Þ
 [17], where the parameter b1, may be positive or negative [17].
The problem is simpliﬁed by writing the equations in non-dimensional form. To achieve this
deﬁne the following non-dimensional quantities:
ðx^; y^; z^Þ ¼ ðx; y; zÞ
h
; t^ ¼ tl0
qh2
; P^ ¼ Pqh
2
l20
; ðu^; w^Þ ¼ ðu;wÞqh
l0
;
h ¼ T  T1
T2  T1 ; a ¼ 
dP^
dx^
;
f^1ðhÞ ¼ ea1ðT2T1Þh ¼ eah, a is the viscosity parameter, f^2ðhÞ ¼ 1þ b1ðT2  T1Þh ¼ 1þ bh, b is the
thermal conductivity parameter, Ha2 ¼ rB20h2=l0, Ha is the Hartmann number, Pr ¼ l0cp=k0 is the
Prandtl number, Ec ¼ l20=h2cpq2ðT2  T1Þ is the Eckert number.
In this problem the characteristic velocity v0 is equal to l0=qh. This quantity determines the
velocity at which transition from laminar to turbulant ﬂow occurs. The Reynolds number
Re ¼ uqh=l0 is proportional to the velocity component u and is equal to the non-dimensional
velocity u^, therefore depends on time and position as well as on pressure gradient. For the ﬂow to
be laminar, Re and in turn u^ must be small everywhere. In terms of the above non-dimensional
quantities the velocity and energy equations (3)–(7) read (the hats are dropped for convenience)
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Eqs. (8), (9), and (11) represent a system of coupled non-linear partial diﬀerential equations
which can be solved numerically under the initial and boundary conditions (10) and (12) using
ﬁnite diﬀerence approximations. The Crank–Nicolson [18] implicit method is used. Finite dif-
ference equations relating the variables are obtained by writing the equations at the midpoint of
the computational cell and then replacing the diﬀerent terms by their second order central dif-
ference approximations in the y-direction. The diﬀusion terms are replaced by the average of the
central diﬀerences at two successive time levels. The non-linear terms are ﬁrst linearized and then
an iterative scheme is used at every time step to solve the linearized system of diﬀerence equations.
All calculations have been carried out for a ¼ 5, Pr ¼ 1, and Ec ¼ 0:2.
3. Results and discussion
Fig. 1 presents the velocity and temperature distributions as functions of y for various values of
time t starting from t ¼ 0 up to steady-state. The ﬁgure is evaluated for Ha ¼ 1, m ¼ 3, a ¼ 0:5
and b ¼ 0:5. The velocity component u reaches steady-state faster than w which, in turn, reaches
steady-state faster than h. This is expected as u is the source of w, while both u and w are sources
of h. Fig. 1c shows, that the temperature h inside the ﬂuid may exceed the value 1, which is the
temperature of the hot plate, especially at large times. This is due to the Joule and viscous dis-
sipations.
Fig. 2 depicts the variation of the velocity component u at the centre of the channel ðy ¼ 0Þ with
time for various values of the Hall parameter m and the viscosity parameter a and for b ¼ 0 and
Ha ¼ 3. The ﬁgure shows that u increases with m for all values of a. This is due to the fact that an
increase in m decreases the eﬀective conductivity ðr=ð1þ m2ÞÞ and hence the magnetic damping.
The ﬁgure shows also how u increases by increasing a which decreases the viscosity. It is also
observed from the ﬁgure that the time at which u reaches its steady-state value increases with
increasing m while it is not greatly aﬀected by changing a.
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Fig. 3 presents the variation of the velocity component w at the centre of the channel ðy ¼ 0Þ
with time for various values of m and a and for b ¼ 0 and Ha ¼ 3. The ﬁgure shows that w in-
creases with increasing m for all values of a. This is because w, which is the z-component of the
velocity is a result of the Hall eﬀect.
Fig. 1. The evolution of the particle of: (a) u; (b) w and (c) h.
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An interesting phenomenon is observed in Figs. 2 and 3, which is that, unless m ¼ 0 (Hall eﬀect
is not considered) the component u and, sometimes, the component w overshoot. At some stage
they exceed their steady-state values and then go down towards steady-state. This suggests that
Fig. 2. The evolution of u at y ¼ 0 for various values of a and m: (a) m ¼ 0; (b) m ¼ 1 and (c) m ¼ 5.
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the sequence of events is as follows: with the progress of time, u increases and consequently w
increases according to Eq. (9) until w reaches its maximum value. The increase in w results in a
small decrease in u according to Eq. (8). This decrease in u may, in turn, result in a decrease in w
according to Eq. (9). The time at which overshooting occurs decreases with increasing a. A slight
overshooting is observed in Fig. 2a, where m ¼ 0. This occurs when a is negative. The reason why
u falls after reaching a maximum is that as h increases with time, the viscosity increases if a is
negative, and this results in a decrease in u.
Although the Hall eﬀect is the source for w, a careful study of Fig. 3 shows that, at small times,
for large values of m, an increase in m produces a decrease in w. This can be understood by
studying the term ððw muÞ=ð1þ m2ÞÞ in Eq. (9), which is the source term of w. At small times
w is very small and this term may be approximated to ðmu=ð1þ m2ÞÞ, which decreases with in-
creasing m if m > 1. Fig. 3 shows also that the time required for w to reach its steady-state value
increases with increasing m and that w and its steady-state time increase with increasing a.
Fig. 4 presents the evolution of the temperature h at the centre of the channel for various values
of m and a when b ¼ 0 and Ha ¼ 3. From this ﬁgure it is observed that the eﬀect of m on h depends
on t. When m > 1, increasing m decreases h slightly at small times but increases h at large times.
Fig. 3. The evolution of w at y ¼ 0 for various values of a and m: (a) m ¼ 1 and (b) m ¼ 5.
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This is because when t is small, u and w are small and an increase in m results in an increase in u
but a decrease in w, so the Joule dissipation which is proportional also to ð1=ð1þ m2ÞÞ decreases.
When t is large, u and w increase with increasing m and so do the Joule and viscous dissipations.
Fig. 4. The evolution of h at y ¼ 0 for various values of a and m: (a) m ¼ 0; (b) m ¼ 1 and (c) m ¼ 5.
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It is diﬃcult to predict the eﬀect of a on h, because while increasing a increases the velocities and
the velocity gradients, it decreases the function f1. All the same, Fig. 4 tells that increasing a
increases h and its eﬀect on the steady-state time for h is negligible.
Fig. 5. The evolution of h at y ¼ 0 for various values of b and m: (a) m ¼ 0; (b) m ¼ 1 and (c) m ¼ 5.
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Fig. 5 presents the evolution of h at the centre of the channel for various values of m and b when
a ¼ 0 and Ha ¼ 3. The ﬁgure indicates that increasing b increases h and its steady-state time if m is
small. For large values of m (Fig. 5(c)) the eﬀect of b on h depends on t, and increasing b increases
h at small times, but decreases h when t is large. This occurs because, at low times, the centre of the
channel acquires heat by conduction from the hot plate, but after large time, when u and w are
large, the Joule dissipation is large at the centre and centre looses heat by conduction. It is noticed
that the parameter b has no signiﬁcant eﬀect on u or w inspite of the coupling between the mo-
mentum and energy equations.
Table 1 presents the steady-state temperature h at the centre of the channel ðy ¼ 0Þ for various
values of the Hall parameter m and the viscosity parameter a and for Ha ¼ 3 and b ¼ 0. It in-
dicates that the temperature increases as m or a is increased. It is clear that the inﬂuence of m on h
is more pronounced for positive values of a than for negative values.
Table 2 shows the variation of the steady-state temperature h at the centre of the channel
ðy ¼ 0Þ for various values of the Hall parameter m and the thermal conductivity parameter b and
for Ha ¼ 3 and a ¼ 0. Increasing m, increases the temperature for all values of b. For small values
of m ð0 < m < 1Þ, increasing b increases h. However for higher values of m ðm > 1Þ, increasing b
decreases h. The inﬂuence of m on h is more pronounced for negative values of b than for positive
values.
Table 3 indicates the variation of the steady-state temperature h at the centre of the channel for
various values of a and b and for Ha ¼ 3 and m ¼ 1. Increasing the parameter a increases h for all
values of b. For negative values of a, the increment in b increases h. However, when a takes zero or
positive values increasing b decreases h. It is clear that the parameter a is more eﬀective on the
steady-state value of h than the parameter b.
Table 1
Variation of the steady-state temperature h at y ¼ 0 for various values of m and a (Ha ¼ 3, b ¼ 0)
h m ¼ 0:0 m ¼ 0:5 m ¼ 1:0 m ¼ 3:0 m ¼ 5:0 m ¼ 10
a ¼ 0:5 0.6785 0.6812 0.6885 0.7319 0.7619 0.7877
a ¼ 0:1 0.6945 0.6975 0.7056 0.7605 0.8092 0.8622
a ¼ 0:0 0.6982 0.7012 0.7095 0.7673 0.8218 0.8856
a ¼ 0:1 0.7018 0.7049 0.7133 0.7738 0.8344 0.9112
a ¼ 0:5 0.7148 0.7179 0.7266 0.7961 0.8819 1.0387
Table 2
Variation of the steady-state temperature h at y ¼ 0 for various values of m and b (Ha ¼ 3, a ¼ 0)
h m ¼ 0:0 m ¼ 0:5 m ¼ 1:0 m ¼ 3:0 m ¼ 5:0 m ¼ 10
b ¼ 0:5 0.6930 0.6976 0.7102 0.8013 0.8918 1.0015
b ¼ 0:1 0.6975 0.7007 0.7096 0.7719 0.8310 0.9005
b ¼ 0:0 0.6982 0.7012 0.7095 0.7673 0.8218 0.8856
b ¼ 0:1 0.6989 0.7017 0.7094 0.7633 0.8139 0.8729
b ¼ 0:5 0.7008 0.7030 0.7091 0.7517 0.7914 0.8373
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4. Conclusions
In this study, the transient MHD ﬂow and heat transfer of a viscous incompressible electrically
conducting ﬂuid between two inﬁnite insulated and parallel plates are studied with the inclusion of
the Hall eﬀect. The viscosity and thermal conductivity of the ﬂuid are assumed to vary with
temperature and the viscous and Joule dissipation are considered in the energy equation. A nu-
merical solution is obtained for the coupled non-linear momentum and energy equations. The
eﬀect of the Hall parameter m, the viscosity parameter a and the thermal conductivity parameter b
on the velocity and temperature ﬁelds is discussed. Introducting the Hall term gives rise to a
velocity component w in the z-direction and it aﬀects the main velocity u in the x-direction. The
interesting result is the appearance of overshootings in the velocity component u due to the in-
crement in the Hall parameter m for all values of a. Also, overshootings in the velocity component
w are observed for high values of m and for negative values of a. The Hall parameter m results in
crossover of the velocity component w and the temperature h with time for all values of a. In
general, the parameter a has a marked eﬀect on the velocity components u and w for all values of
m. However, the parameter b does not have any signiﬁcant eﬀect on u or w. Another interesting
result is the eﬀect of the parameter b on the appearance of crossover in the evolution of the
temperature h for high values of m.
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